In this paper a finite Gaussian impurity moving through an equilibrium Bose-Einstein condensate at T = 0 is studied. The problem can be described by a Gross-Pitaevskii equation, which is solved perturbatively. The analysis is done for systems of 2 and 3 spatial dimensions. The Bogoliubov equation solutions for the condensate perturbed by a finite impurity are calculated in the co-moving frame. From these solutions the total energy of the perturbed system is determined as a function of the width and the amplitude of the moving Gaussian impurity and its velocity. In addition we derive the drag force the finite sized impurity approximately experiences as it moves through the superfluid, which proves the existence of a superfluid phase for finite extensions of the impurities below the speed of sound. Finally we find that the force increases with velocity until an inflection point from which it decreases again.
INTRODUCTION
One fundamental property of Landau's theory of superfluidity is that below a certain critical velocity an impurity moves dissipationless through the superfluid, since excitations are energetically out of reach [1] . In the early 20th century this idea has been found to be realised in Bose-Einstein condensates (BEC) occupying the ground state of a many-body system below a critical temperature [2] [3] [4] [5] . Later Helium II was considered to represent such a state of dissipationless flow [6] , while more recently superfluidity was confirmed for various weakly interacting and dilute gases of atoms or molecules at ultra-low temperatures forming a BEC in the nano Kelvin range [7] [8] [9] [10] [11] [12] . Only a few years ago the direct observation of superfluidity in terms of frictionless flow in 2d Bose gases has been observed experimentally [13] . Besides superfluidity has been observed in exotic quasi-Bose-Einstein condensates such as those of Exciton-Polaritons at temperatures close to the Kelvin regime or even at room temperature [14, 15] . Theoretically in the semiclassical mean-field regime the corresponding order parameter of the BEC describing all the atoms in the ground state, the so called condensate wave function, is governed by the Gross-Pitaevskii equation (GPE) [16, 17] .
Utilising this GPE framework here we study the behaviour of the superfluid by the well-established scenario of an obstacle in relative motion to the Bose-Einstein superfluid [18] [19] [20] . While a superfluid phase can be expected for low velocities above a critical velocity of relative motion between the obstacle and the superfluid a drag force arises due to the possibility of emission of elementary excitations that break down the superfluid phase [21] . For the scenario of a small impurity it was shown that the emergence of the doublet is the first excitation to break down the superfluid phase at a critical velocity below the speed of sound, while even smaller obstacles do not change the critical velocity at all and so it equals the speed of sound of the Bose-Einstein condensate [22] . In general the quantitative investigation of critical velocities in BEC can be used to probe the superfluidity and beyond criticality various additional topological phase transitions of the fluid associated with certain velocities [21, 23] .
In 2 spatial dimensions for example the excitation creation and the critical velocity of the relative motion is comparable to the situation of a rotating BEC, where below a critical rotation velocity the condensate is vortex free, while above various phases from vortex generation to giant vortices have been reported [24] [25] [26] [27] [28] [29] [30] . Thus it is a matter of motion of the condensate and the form of the perturbing impurity, at which velocities of the impurity excitations are generated and what kind of excitations [31, 32] . Furthermore the physical dimension of the Bose-Einstein condensate sets the stage for the possible excitations a superfluid can carry, from dark solitons in 1d to vortices in 2d to vortex rings in 3d [31] .
The mathematical description of an impurity in a quantum gas is non-trivial and various approaches to this topic exist. E.g. in [33] the effect of a pointwise obstacle in a Fermi gas has been studied in detail using various techniques in several interaction regimes, while the works of [34] focuses on the weakly-interacting and [35] on the stronglyinteracting regime. Furthermore we note that in particular the drag force depending on the nature of the obstacle and superfluidity has been studied in [36] numerically for 1D and in [37] experimentally. In [22] an asymptotic analysis has determined the criticality of the superfluid phase transitions due to a small impurity and in [21] a perturbative approach involving Bogoliubov equations has been studied. Now here we follow the approach of [21] and analyse the system for a finite weakly interacting Gaussian impurity with a certain amplitude and width. This Gaussian perturbation is moving at a constant velocity through the BEC, while thereby perturbing the condensate. We will investigate the wave generated by the perturbation and the onset and magnitude of the drag force acting upon the impurity as it reaches a critical velocity. Finally we note that our theoretical treatment includes the results presented in [21] as a limiting case, when the Gaussian becomes the Dirac delta function, i.e. a point like impurity without extension. This paper is structured as follows. First I will determine the linear waves generated by the perturbation moving through the BEC as function of the impurity parameters for general dimensions. Secondly the energy of the perturbed system will be specified in 2d and 3d. Then explicit formulas for the drag force depending on dimensionality will be obtained. Finally I will discuss the results.
LINEAR WAVES AND ENERGY OF A SMALL MOVING GAUSSIAN IMPURITY

Gross-Pitaevskii equation
The energy of a Bose-Einstein condensate with self-interaction strength g, which depends on dimensionality [38] , and which experiences the external potential V is given by [23, 38] 
While naturally GP theory is considered for 3d, reduction to lower dimensions occurs e.g. for strong confinement along a spatial dimension and we refer to the rigorous GP treatment of this topic in [38] . In 3d g = 4π 2 a/m and max r V (r) = 4π 2 b/m are particle-particle and particle-impurity coupling constants, with a and b being the respective scattering lengths [21] , while for 2 dimensions those definitions are modified, g 2d = √ 2π 2 a/a z , where a z = /mω z is the oscillator length [21, 38] . The minimiser of (1), say ψ(r, t), is the so called condensate wave function, i.e. the mode in which all particles of the dilute weakly interacting gas condense [23, 38] . The wavefunction maps from (r, t) ∈ R d+1 → C. For the sake of simplicity of notation and clarity of structure we will set = 1 = 2m in what follows. Now by performing a variation of the energy E[ψ] with respect to ψ * under the norm preserving constraint ψ 2 2 = 1, corresponding to the conservation of the particle number, we get the Euler-Lagrange equation for the minimiser, the Gross-Pitaevskii equation, which is given by
Here the chemical potential, i.e. the energy needed to add another particle, is ∂E[ψ]/∂N = µ [38] . To model the moving Gaussian impurity we set the external potential
, which corresponds to an inserted atom or a laser beam [23, 32] . Experiments of moving obstacles in BEC have successfully shown the onset of a drag force [11, 12] , which will be discussed theoretically in a later section.
Linear waves
For a single moving obstacle in any dimension the Gross-Pitaevskii energy functional is given by
To derive the energy of linear waves and their form we make an ansatz of the form ψ = φ 0 + δψ, where φ 0 represents the unperturbed part solving the GPE without potential and δψ(r, t) a small perturbation as a consequence of the Gaussian impurity. By inserting this ansatz in (2) and dropping terms of order δψ 2 we get the Bogoliubov equation for the perturbation of the homogeneous system
Here again we use the abbreviation for the Gaussian impurity
. Furthermore, as in [21, 39] we neglect V δψ, since we restrict our consideration to small impurities, i.e., V δψ. Furthermore we will make use of the identity ∂δψ(r − vt)/∂t = −v∇δψ(r − vt) [21, 39] . In addition we shall work in the frame moving with the impurity such that δψ(r, t) = δψ(r − vt) = δψ(r ), where we switch notations as well in the potential term. Then we drop the superscripts and consider the Fourier transform of (4). We use the convention
So the wavefunction δψ k = e −ikr δψdr satisfies the Fourier transformed Bogoliubov equation given by
where |k| = k. We now set φ 0 = √ n and recall that µ = gn = c 2 , where c is the speed of sound. Hence,
The remaining integral in e.g. 2d is 2π
. Thus we consider the algebraic equation
which is analytically solved by
This solution for the linear waves generalises the solutions in [21] , [39] . More precisely speaking, the Gaussian impurity generalises the Dirac delta function and so includes an additional form factor f 2d (k 2 , σ, V 0 ). The form factor is determined by the Fourier transform of the impurity and is for a Gaussian impurity of dimension D explicitly given by
For extensions of this type of solution to non-equilibrium systems, which include particle spin, we refer to similar results presented in [40, 41] .
Energy 2d Energy of perturbed condensate
Next we turn to the explicit form of the energy of the Gaussian obstacle moving through the homogeneous condensate. We again utilise the ansatz of the form ψ = φ 0 + δψ, where the perturbation δψ of the homogeneous system φ 0 is caused by the Gaussian impurity. So the total energy of the perturbed system is formally given by
Here the energy without perturbation is E 0 = N gn/2. To estimate the energy of E per we proceed as follows. We neglect terms of the perturbation higher than quadratic order gδψ 2 , where g is assumed to be small as well. Thus, we write
and so the energy of the perturbation (in the co-moving frame) can be approximated by
where we have again used µ = ng and integrated the Gaussian impurity potential in the last line. We observe that as σ or V 0 increases the energy of the leading order potential energy term increases directly proportional in each of the two arguments. Let us now estimate the second term of the last line in (13) . As presented in the appendix in detail we apply the approximation kv µ [21] and some algebra to obtain the explicit expression for the potential energy. It is given by
The integration yields a term including the Gamma function Γ(a, z) = ∞ z t a−1 e −t dt. We note that for σ → 0 that σ 2 Γ(0, 4µσ 2 ) → 0 as the chemical potential is fixed. To calculate the kinetic energy in (13) we consider it in momentum space, i.e, we obtain the quadratic dispersion,
We remark also [40, 41] for detailed discussions on general non-quadratic kinetic energy dispersions and note that the framework discussed here is applicable to those cases as well. While we neglect all terms of order gδψ 2 , we include the kinetic energy (15) partially in our results as it is of order δψ 2 . We approximate δψ 2 k by assuming v to be small and thus we consider an expansion in v up to the quadratic order, i.e.
Inserting (16) in the kinetic energy term (15) we get by using the internal symmetries of the problem and some algebra, as presented in the appendix, the kinetic energy contribution
where we have introduced the abbreviation c = πn(σ 2 V 0 ) 2 and used the Gamma function Γ(a, z) = ∞ z t a−1 e −t dt. We note that as σ → 0 the r.h.s. of Eq. 17 tends to zero as well, which is consistent with the homogeneous solution without perturbation while for larger values of σ the energy is monotonically increasing. Note, however, that we consider a weakly interacting perturbation by the previously applied approximations. Now adding all contributions from above we arrive at the formula for the total energy of the perturbed Bose-Einstein condensate in the co-moving frame, i.e.
First we note that in terms of the stationary frame the energy in the moving frame is given via a Galilean transformation
v 2 with p = n∇φ with ψ = √ ne iφ and p = p − v. E and p are the energy and momentum of the superfluid in the stationary reference frame [42] . Further we note that as V 0 → 0 or σ → 0 we obtain E → E 0 , thus proving internal consistency. This property particularly stems from the proportionality of those quantities to the linear waves solution (8) . We note that each term in this series can be identified with a term in the energy series derived for a delta potential impurity in [21] and if we let V 0 → ∞ while σ → 0 within (13) the limiting case of the delta distribution is obtained. The result in [21] , however, requires a renormalisation procedure of the coulpling constant to remove the large k divergency, which is naturally avoided by the presence of the finite Gaussian potential in our proof, since it converges fast enough to zero as k → ∞. Note that the potential term increases quadratically with the velocity v in the moving frame (18) , while there the kinetic energy is only due to the wave function modification as a consequence of the presence of the Gaussian.
3d Energy of perturbed condensate
Similarly, with calculations discussed in more detail in the appendix, we obtain the 3d energy in the co-moving frame. It is given by
where we have used the notation erfc(z) = 1 − erf(z) and erf(z) = To obtain the energy in the stationary frame a Galilean transformation E 3d = E 3d − p · v + 1 2 v 2 can be applied.
DRAG FORCE
Next we investigate which force the impurity experiences as it moves through the condensate. To do so recall our ansatz ψ = φ 0 + δψ and the definition of the drag force as discussed in [21] ,
Note that the drag force is directed along the velocity v. Collecting above definitions and switching into momentum space we get by neglecting δψ 2 terms
where we defined F 0 in the last step. It vanished due to the symmetry of integration
The remainder in (21) for δψ can be calculated as presented in more detail in the appendix and by taking into account the c.c., i.e., δψ + δψ * . The result is a general formula for the drag force acting upon the Gaussian impurity
which represents a natural generalisation of the formula for the Dirac delta impurity [21] . In the following of this section we set c 2d = −8σ 4 π 2 V 2 0 n, which indicates the assumed 2 spatial dimensions. To calculate (23) we consider the projection of the drag force F on the velocity of the obstacle v, which we denote F v , and so obtain
The integral in (24) has a pole analogously to the case of a Delta impurity, so that
implying the restriction on possible momenta and the emergence of the superfluid phase for v < c. As shown in [22] numerically and analytically, the onset of excitation generation at the speed of sound holds for small impurities, however larger obstacles reduce the critical velocity due to early onset excitation generation, i.e. solitary waves and vortex pairs depending on the size and magnitude of the impurity. We proceed by realising that (24) can be solved exactly. The result is
with I n (z) being the Bessel function of the first kind. For illustration of the finiteness of the obstacle we can state the analytical upper and lower bounds to the projected force, i.e.
The bounds show that in comparison with a Delta impurity the drag force is increased (due to c 2d < 0). Furthermore when we assume k max to be small, we can expand the Gaussian in (24) and so obtain
which to the first order term resembles the Delta impurity drag force discussed in [21] . Note that the bounds on the 2d Gaussian drag force do not include the effects of excitation generation, such as vortex pairs, as studied in e.g. [19, 22] , which add an additional contribution to the drag force as well as to the energy. Next we turn to the explicit form of the 3d drag force. 
3d drag force
To calculate the 3d properties of the drag force explicitly according to Landau's causality rule we may add an infinitesimal positive imaginary part to the frequency kv, i.e.,
with c 3d = −2((2π)
We now apply [21] where only the imaginary parts contribute due to the integration between symmetric limits and get
There is no dependence on φ so the integration reduces to the following form:
Furthermore we can utilise here the identity established in [21] , i.e.
Here we observe that the poles in the integration over cos ϑ appear, if the square root in the denominator is smaller than one, which again leads to the restriction on the values of momentum that contribute [21] , i.e.
This concludes the proof of existence of a superfluid phase for a weakly interacting 3d Gaussian obstacle. Thus the energy dissipation takes place only if the impurity moves with a speed larger than the speed of sound [21] . Summarising above results we obtain the projected force in direction of movement v by multiplying it with (30) and integration,
The drag force vanishes as σ, V 0 → 0 showing consistency with the unperturbed system. Note that by the definition of (20) we assume that v > 0, as otherwise it is vanishing as well. Increasing the width σ or the amplitude V 0 increases the effective force quadratically to the leading order. When increasing the velocity with all other parameters fixed the force monotonically increases as well to a certain value until it declines again for even larger v as presented in Fig. 1 .
CONCLUSIONS
In this work first the energy of a Gaussian impurity moving through a Bose-Einstein condensate was derived utilising Bogoliubov's perturbation theory. We obtained particularly the kinetic and potential energy contribution due to the moving obstacle. Furthermore utilising this framework it was then confirmed that for extended weakly interacting finite size impurities the motion at small velocities is still disipationless in systems of dimensionality equal or greater than 2d up to the quadratic order. Above the speed of sound formulas for the drag force acting upon the impurity opposite the direction of motion could be specified. Physically movement with velocities larger than the speed of sound leads to a non-zero drag force due to Cherenkov radiation of phonons as previously noted for the Dirac delta impurity in [21] , which as shown here holds true for the weakly interacting finite size impurity. Furthermore the force depends on the width and amplitude of the moving obstacle in the stated analytical form and is not strictly increasing with velocity. This stands in stark contrast to the strictly increasing drag force due to infinite Dirac delta impurities reported in [21] and is a key feature of the finite obstacle. Finally we note that the analysis presented here does not include the effects of nonlinear excitations such as vortices, vortex rings, solitary waves and solitons, which add energy and cause additional drag which would add to the contributions presented here. That said, our analysis clarifies the linear waves contribution to the energy of the Bose-Einstein condensate and the drag force acting on the finite weakly interacting impurity.
